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Preface

This manual is to accompany the Ninth Edition of Bernard Kolman and David R.Hill’s Elementary Linear
Algebra with Applications. Answers to all even numbered exercises and detailed solutions to all theoretical
exercises are included. It was prepared by Dennis Kletzing, Stetson University. It contains many of the
solutions found in the Eighth Edition, as well as solutions to new exercises included in the Ninth Edition of

the text.






Chapter 1

Linear Equations and Matrices

Section 1.1, p. 8

2.
4.
6.
8.
10.
12.

14.
16.

18.
20.
22.

24.

25.

r=1y=22z=—-2.

No solution.

x =13+ 10¢, y = —8 — 8t, t any real number.
Inconsistent; no solution.

r=2,y=—1.

No solution.

r=—-1y=2 z=-2.

(a) For example: s =0, t = 0 is one answer.

(b) For example s =3, t=41is one answer.

(c) s

Yes. The trivial solution is always a solution to a homogeneous system.
r=19y=1 z=4.

r=—3.

If 9 = s1, 2 = S2, ..., T = Sy satisfy each equation of (2) in the original order, then those
same numbers satisfy each equation of (2) when the equations are listed with one of the original ones
interchanged, and conversely.

If 1 = 81, x2 = Sa, ..., Tp, = Sy, is a solution to (2), then the pth and gth equations are satisfied.
That is,

Qp1S1+ -+ QpnSp = by

ag151 + -+ + QgnSn = by.
Thus, for any real number r,
(apr +1ag)s1+ -+ (apn + Tagn)sn = by + rby.

Then if the gth equation in (2) is replaced by the preceding equation, the values x; = s1, T2 = s2, ...,
T, = S, are a solution to the new linear system since they satisfy each of the equations.



2 Chapter 1
26. (a) A unique point.

(b) There are infinitely many points.

(¢) No points simultaneously lie in all three planes.

C2
28. No points of intersection: @

One point of intersection:
Two points of intersection: .

Infinitely many points of intersection:

30. 20 tons of low-sulfur fuel, 20 tons of high-sulfur fuel.

32. 3.2 ounces of food A, 4.2 ounces of food B, and 2 ounces of food C.

34. (a) p(1)= a(1)®+b(1)+c=a+b+c=-5
p(=1)=a(-1)2+b(-1)+c=a—-b+c=1
p(2) = a(2)?+b(2)+c=4a+2b+c=T.

01001 01111
1 01 1 10100
2.(a) A=|0 100 0 b)) A=|11010
01000 10100
1100 0 10000
4. a=3,b=1,c=8,d=-2
5 5 8 .
6. () C+E=E+C= |4 2 9]. (b) Impossible. (c) [ ]
0 1
5 3 4
-9 3 -9 0 10 -9
(d) |-12 -3 -15]. (e) 8 -1 -2 (f) Impossible.
-6 -3 -9 -5 -4 3
1 5 4 5
1 2 — 1
8 (a) AT=|2 1 ,(AT)T[2 X i] M =5 2 3. (o [1(; 1(7)]
3 8 9 4
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3
0 —4 17 2
(d) [4 O]' (e) 16 3 () {—16 6}
9 10
10 10 30
10. Yes.Q[O J—i—l[o 0]—{0 2].
A—1 =2 -3
12. -6 A+2 =3
-5 -2 -4

14. Because the edges can be traversed in either direction.

x
T2
16. Let x = | . | be an n-vector. Then
Ty
T 0 x1+0 X1
To 0 zo +0 To
x+0=| |+ |.|= ) = =%
Tn 0 T, +0 Ty
n m
18. Zzaij = (ann +az+---+aim)+ (ag1 + a2+ +azm) + -+ (an1 + an2 + -+ anm)
i=1j=1
= (a11 + a1+ -+ an1) + (@12 + az2 + -+ + an2) + - + (@rm + G2m + -+ @um)
m n
S
j=1i=1
n n n n
19. (a) True. Z(aZ +1)= Zai +Zl = Zaz +n
i=1 i=1 i=1 i=1
n m n
(b) True Z Zl :Zm:mn
=1 7j=1 1=1
n m m m m
(c) True. Zai ij :alzbj+a22bj+"'+anzbj
i=1 j=1 j=1 j=1 j=1

m

:(a1+a2+~~~+an)2bj
j=1

()

j=1 \i=1

n

= E ai
i=1 i

b =
=1
20. “new salaries” = u + .08u = 1.08u.

Section 1.3, p. 30
2. (a)4 () 0. (¢)1. (d) L
4. x =5.
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0 -1 1 15 =7 14 8 8
12. (a) Impossible. (b) {12 5 17|. (¢) |23 =5 29|. (d) [14 13|. (e) Impossible.
19 0 22 13 -1 17 13 9
58 12 28 8 38
14. (a) [66 13} (b) Same as (a). (c) {34 4 41].
28 32 -16 —8 —26
(d) Same as (c). (e) [16 18}’ same. () {30 0 31}

-1 4 2
16. (a) 1. (b) =6.  (c) [-3 0 1].  (d) {—2 8 4]. (e) 10.
3 —12 —6

9 0 -3
() 0 0 0. (g) Impossible.
— 0

3 1
18. DIy =I1,D = D.
0 0
20. .
fo 3
1 0
14 18
22. . b .
O o N
13 13
1 —2 -1 1 -2 -1
24. coli(AB)=1|2| +3| 4| +2]| 3|;cola(AB)=—-1|2|+2| 4|+4| 3].
3 0 —2 3 0 -2

26. (a) —5. (b) BAT
28. Let A= [aij} be m x p and B = [bij] be p X n.

(a) Let the ith row of A consist entirely of zeros, so that a;; = 0 for k = 1,2,...,p. Then the (4, )
entry in AB is
P
> aikby; =0 forj=1,2,...,n.
k=1
(b) Let the jth column of A consist entirely of zeros, so that ay; = 0 for £ = 1,2,...,m. Then the
(i,7) entry in BA is

Zbikakj =0 fori=1,2,...,m.

k=1
2 3 -3 1 1 2 3 -3 1 1 il 7
3 0 2 3 30 2 0 3 2 )
8- @y 3 g 4 o ™y 3 0 4 o i?’ EER
0o 0 1 1 1 0o 0 1 1 1 4 5

L5
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2 3 -3 1 1| 7
() 3 0 2 0 3]-2
2 3 0 -4 0] 3
0O o0 1 1 1] 5

-2 3| | )
32. = .
[ 1 —5] [JJJ [4}
21’1+$2+3$3+4(E4:0

34. (a) 3z — 2 + 223 =3 (b) same as (a).
—2x1 + x9 — 4x3z + 3x4 =2

R e e Rt e Y A O [E] o H] _ H’] |

1 12 17 [z 0
38, (a)[;zg] xzzm. M) |11 2] |2 =|o].
T3 2 0 2] |3 0
39. We have
U1
n Vg
u V—Zuzvz— Ug un} Tl =ulv
i=1
vy,

40. Possible answer: [

W N =
o O O
o O O

42. (a) Can say nothing. (b) Can say nothing.

43. (a) Tr(cA) = an” = CZ a;; = cTr(A

=1
(b) Tr(A+B):i: aii + bii) Za”+Zb”_Tr ) + Tr(B).
=1

(c) Let AB = C = [c;;]. Then

Tr(AB) = Z cii = Z > aikbri =Y briag = Tr(BA).

i=1 k=1 k=11i=1

(d) Since af; = ay;, Tr(AT) = Zaz; = Za“ = Tr(A)
i=1 i=1

(e) Let ATA = B = [b;;]. Then
bii = Zag;aﬂ = Za?z — TI'(B) = TI'(ATA) = Z bii = a?j > 0.

Hence, Tr(ATA) >0
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45. We have Tr(AB — BA) = Tr(AB) — Tr(BA) = 0, while Tr ([(1) ﬂ) =2.

b1j

by
46. (a) Let A = [aij] and B = [bij] be m x n and n X p, respectively. Then b; = .] and the ith

bnj
entry of Ab; is Z a;;br;, which is exactly the (7, ) entry of AB.
k=1
(b) The ith row of AB is [Zk aikbrr Yo @ikbr2 o D op aikbkn}. Since a; = [aﬂ Qi - am],

we have
ab =Y, ambit Yopaikbre 0 g Qikbrn] -

This is the same as the ith row of Ab.

47. Let A = [aij] and B = [bij] be m x n and n X p, respectively. Then the jth column of AB is

a11b1j + -+ ainbn;

(AB); =
Gm1bij 4 -+ amnbp;
aii Qin
=by | |+t by
Am1 Amn

= by,;Col1(A) + - - - + b,;Col,, (A).

Thus the jth column of AB is a linear combination of the columns of A with coefficients the entries in
b;.

48. The value of the inventory of the four types of items.

50. (a) row;(A) - col;(B) = 80(20) + 120(10) = 2800 grams of protein consumed daily by the males.
(b) rowa(A) - cola(B) = 100(20) + 200(20) = 6000 grams of fat consumed daily by the females.

51. (a) No. If x = (z1,22,...,7,), then x.x =22 + 25 +--- + 22 > 0.
(b) x=0.

52. Let a = (a1,as,...,a,), b= (b1,ba,...,b,), and ¢ = (¢1,¢2,...,¢,). Then

(a) a-b= Zaibi and b.-a = Zbiai, soa-b=Db-a.
i=1 i=1
(b) (a—l—b)-c:Z(ai—i—bi)ci :Zaici—i—Zbici =a-c+b-c.
i=1 i=1 i=1
(c) (ka)+b=> (ka;)b;i =k »_a;b; = k(a-b).

i=1 i=1
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53.

o4.

55.

The i, ith element of the matrix AAT is
> anal; = amain =Y _(air)’.
k=1 k=1 k=1
Thus if AAT = O, then each sum of squares Z(aik)2 equals zero, which implies a;x = 0 for each i
k=1
and k. Thus A = O.
17 2 22

AC = [18 3 23

] . C'A cannot be computed.

BT B will be 6 x 6 while BBT is 1 x 1.

Section 1.4, p. 40

1.

Let A = [a;;], B = [b;], C = [cij]. Then the (i,5) entry of A+ (B + C) is a;; + (bij + ¢;;) and
that of (A4 B) + C is (a;j + bi;) + ¢;j. By the associative law for addition of real numbers, these two
entries are equal.

. For A= [aij}, let B = [—aij].

. Let A= [aij], B = [bij], C= [cij]. Then the (i, j) entry of (A4 B)C'is Z(aik + bix)cr; and that of

k=1

n n
AC+ BC'is Z aikCr; + Z bircr;. By the distributive and additive associative laws for real numbers,
k=1 k=1
these two expressions for the (i, ) entry are equal.

Let A= [aij], where a;; = k and a;; =0if ¢ # j, and let B = [bij]. Then, if i # j, the (i,7) entry of

AB is Z aisbs; = kby;, while if i = j, the (i,) entry of AB is Z @isbs; = kby;. Therefore AB = kB.

s=1 s=1

Let A = [aij] and C' = [cl cy - cm]. Then CA is a 1 X n matrix whose ith entry is chaij.
j=1
a1j
Since A; = | . |, the ith entry of chAj is chaij.
: =1 j=1
Qmj
(a) cos 26 sin 20 (b) cos 360 sin 30 () coskf sin k6
—sin20 cos20 | —sin30 cos30 | —sinkf coskd|

(d) The result is true for p = 2 and 3 as shown in parts (a) and (b). Assume that it is true for p = k.
Then

kel gk 4 | coskl sinkf cosf sinf
AT = A= | —sinkf coskd

_ [ coskf cosO —sinkfOsin® coskf sinf + sin kO cos b
| —sinkf cos — cos k6 sin® coskf cosf — sin k6 sin 0

—sinf cosf

[ cos(k+1)0 sin(k+1)0
| —sin(k+1)0 cos(k+1)0]"

Hence, it is true for all positive integers k.



10.

12.

13.

14.

16.

18.

20.
22.
24.

26.
27.

28.

30.

32.

33.

34.

Chapter 1

. 10 01
Possible answers: A = {O 1], A= [1 0], A=

S o
- -

. 1 o1, [oo0] , [o1
Possible answers: A = {1 J, A= {O O}A {0 O]'
Let A = [a;;]. The (i,j) entry of r(sA) is 7(sa;;), which equals (rs)a;; and s(ras;).

Let A = [aij]. The (i,7) entry of (r 4+ s)A is (r + s)a;;, which equals ra;; + sa;j, the (i,7) entry of
rA+ sA.

Let A= [aij}, and B = [bzg} Then T(aij + bzy) = Tai; + T‘bij.
Let A = [a;;] and B = [b;;]. The (i,5) entry of A(rB) is Zaik(rbkj), which equals rZaikbkj7 the

k=1 k=1
(i,7) entry of r(AB).

1 1
3.
If Ax =rx and y = sx, then Ay = A(sx) = s(Ax) = s(rx) = r(sx) =ry.
The (i, j) entry of (AT)T is the (j,4) entry of AT, which is the (i,5) entry of A.
(b) The (i,j) entry of (A+ B)T is the (j,i) entry of [a;; + b;; |, which is to say, aj; + bj;.
(d) Let A = [a;;] and let b;; = aj;. Then the (i, ) entry of (cA)T is the (j,7) entry of [ca;;|, which
is to say, cb;;.
5 0 -4 -8
(A+B)T = |5 2|, (rA)T = |-12 —4|.
1 2 -8 12
—34 —34
(a) 17 1. (b) 17]. (c) BTC is a real number (a 1 x 1 matrix).
—51 —51
1 - 1 2 -1 2
Possible answers: A = {O g};B: [% 1];6’: { 0 J.

20 00 00
A= i B= ; C = .
The (4, j) entry of cA is ca;j, which is 0 for all ¢ and j only if ¢ = 0 or a;; = 0 for all ¢ and j.

Let A= {Z ﬂ be such that AB = BA for any 2 x 2 matrix B. Then in particular,

2 allo )= o] [ 4

a 0
b: :0 A: .
SO c , [0 d}



Section 1.5 9

Also

which implies that a = d. Thus A = [g 2] for some number a.

35. We have
(A=) = - 1)B)”
+((-1)B )
= AT + (=1)BT = AT — BT by Theorem 1.4(d)).
36. (a) A(x;+x2)=A4Ax1+Ax3=0+0=0.
(

b; AEX1 X3) = Ax; — Axs =0-—-0=0.
(c) A(

(d) A(

37. We verify that x3 is also a solution:

Axz = A(rx1 + sx2) = rAxy + sAxs =rb+sb = (r + s)b=b.

38. If Ax; =b and Axy = b, then A(x; — x3) = Ax; — Axs =b —b =0.

Section 1.5, p. 52
1. (a) Let I, = [d;;] so d;; = 1if i = j and 0 otherwise. Then the (i, j) entry of I,, A is

m
Z dirar; = di;a;;  (since all other d’s = 0)
k=1
=a;; (since d;; =1).
2. We prove that the product of two upper triangular matrices is upper triangular: Let A = [aij] with
a;; = 0 for i > ], let B = [b”] with bij =0 for i > ] Then AB = [Cij] where Cij = Zaikbkj. For
k=1
i > j, and each 1 < k < n, either ¢ > k (and so a;; = 0) or else k > ¢ > j (so by; = 0). Thus every
term in the sum for ¢;; is 0 and so ¢;; = 0. Hence [¢;;] is upper triangular.

3. Let A= [aij] and B = [bij], where both a;; = 0 and b;; = 0 if ¢ # j. Then if AB =C = [cij], we

have Cij = Zaikbkj =0if1 # j

k=1

9 -1 1 18 =5 11
4. A+B=|0 -2 7| andAB=| 0 -8 -T7|.

0O 0 3 0 0 O

5. All diagonal matrices.



10.

11.

12.

13.

14.

16.

17.

18.

19.
20.

21.
22.

Chapter 1

7 -2 9 11 20 —20
(&) [3 10} (b) {22 13] (c) { 4 76]
g summands

/_/—
APAT = (A-A---A)(A-A---A) = AP, (Ap)q:APAPAP...Ap:Ap+p+~--+p:qu.
N—_———

q factors

p factors q factors

p + q factors

We are given that AB = BA. For p = 2, (AB)? = (AB)(AB) = A(BA)B = A(AB)B = A%B?.
Assume that for p = k, (AB)* = A*B¥. Then

(AB)**! = (AB)*(AB) = A*B* - A- B = A*(B*"'AB)B
_ Ak(Bk,—QABQ)B — .= Ak-‘rlBk—'rl.

Thus the result is true for p = k + 1. Hence it is true for all positive integers p. For p = 0, (AB)? =
I, =A"BO.

Forp=0, (cA)? =1,=1-1, =c"- A% For p =1, cA = cA. Assume the result is true for p = k:
(cA)* = ckA* then for k + 1:

(cA*H = (cA)F(cA) = F AR . cA = F(AFe)A = F(cAF) A = (Fe) (AR A) = FHak+L

True for p = 0: (AT)Y =1, = IT = (A%)T. Assume true for p = n. Then
(AT)'IL+1 _ (AT)nAT (An)TAT (AA”) (An-s—l)T.

True for p = 0: (A%)~1 =1,

—1 = I,. Assume true for p = n. Then

(An+1)—1 _ (AnA)—l —_ A—l(An>—1 _ A—I(A—l)n — (A—l)n+1.

($FA7Y) (kA) = (1 k) A7'A =1, and (kA) (1 A7") = (k- 1) AA™! = I,,. Hence, (kA)~™' = + A~ for
k # 0.

(a) Let A=kI,. Then AT = (kI,,)T = kIT = kI, = A.

(b) If k =0, then A = kI,, = 0I, = O, which is singular. If k # 0, then A~! = (kA)™' = 1A~ 50 A4

is nonsingular.

(¢) No, the entries on the main diagonal do not have to be the same.

Possible answers: [g 2] Infinitely many.

. 12 s[5 11 . [10 14
The result is false. Let A = [3 4]. Then AA' = [11 25} and A" A = [14 20].
(a) A is symmetric if and only if AT = A, or if and only if a;; = az-;- = aj;.
(b) A is skew symmetric if and only if AT = —A, or if and only if ag; = a;; = —0;j.

(¢) ai; = —ayi, so ay; = 0.

Since A is symmetric, AT = A and so (AT)T = AT.
The zero matrix.

(AAT)T = (AT)TAT = AAT,

(a) (A+AN)T =AT + (AT =AT + A=A+ AT,
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(b) (A—AT)T = AT — (AT)T

23. (AM)T = (AT)k = A*.

24. (a) (A+B)T=AT + BT = A+ B.
(b) If AB is symmetric, then (AB)T

= AB, but (AB)T = BT AT =

11

— AT — A= —(A- A7)

BA, so AB = BA. Conversely, if

AB = BA, then (AB)T = BT AT = BA = AB, so AB is symmetric.

25. (a) Let A=

[a”] be upper triangular so that a;; = 0 for i > j. Since AT =

T T _ ..
[al;], where af; = ajs,

we have a =0 for j >i,or a =0 for i < j. Hence AT is lower triangular.

(b) Proof is Slmllar to that for (a).

26. Skew symmetric. To show this, let A be a skew symmetric matrix. Then A7 = —A. Therefore

(AT)T = A = —AT. Hence AT is skew symmetric.
27. If A is skew symmetric, AT = —A. Thus a;; =

28. Suppose that A is skew symmetric, so AT = —A. Then (AF)T

positive odd integer, so A* is skew symmetric.

29. Let S = (3) (A+ AT) and K =
Exercise 18. Thus

S+E=(3)(A+AT +A-AT) =

—Q45, SO Q5 = 0.

= (AT = (—A)F = —AF if k is a

(3) (A— AT). Then S is symmetric and K is skew symmetric, by

(3) (24) = A,

Conversely, suppose A = S 4+ K is any decomposition of A into the sum of a symmetric and skew

symmetric matrix. Then

AT = (S+ K)T
A+ AT =(S+K)+(S—-K)=2S, S=

A-AT =
2703 L
30. S=5 |7 12 3|andK=2|1 0 1
33 6 7 -1 0

=ST+KT"=S-K

(3) (A+ A7),

(S+K)—(S—K)=2K, K=(})(A-A")

2 3| |w =z 10 . .
31. Form [4 6} { } = [0 J. Since the linear systems

2w+ 3y =1

20 +32=0
doe +6z2=1

4w+ 6y =0

have no solutions, we conclude that the given matrix is singular.

32. D~ =

o o wl=
\

o

o Nl

o O

L=
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38.

40.

42.

43.

44.

45.

46.

47.

48.

49.

50.

ol.

Chapter 1

10 00 10
Possibl : = .
ossible answer [0 O} + [0 1] {0 1]

1 2 -1 =2 00
Possibl : = .
ossible answer [3 4} + [ 3 4} [6 8}

The conclusion of the corollary is true for » = 2, by Theorem 1.6. Suppose r > 3 and that the
conclusion is true for a sequence of » — 1 matrices. Then

(AjAg - A) P =[(A1 Ay A AT = ATN (A Ay A )T = ATTAT AT ATE

We have A='A =1, = AA~! and since inverses are unique, we conclude that (A=1)~1 = A.

Assume that A is nonsingular, so that there exists an n x n matrix B such that AB = [,,. Exercise 28
in Section 1.3 implies that AB has a row consisting entirely of zeros. Hence, we cannot have AB = I,,.

Let
ail 0 0 0
0 a9 0 0
A= ,
0 0 Ann
where a;; # 0 for i = 1,2,...,n. Then
<0 0 0
ail
A 0 a—iz 0 0
0 0 1

as can be verified by computing AA™! = A"14 =1,.

[16 0 0
At=10 81 0
0 0 625
(a7, O 0 0
| ab, 0 0
L0 0 - - ab,

Multiply both sides of the equation by A1,

Multiply both sides by A~".
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52.

93.
o4.

95.

96.

o7.

58.

59.

60.

Form | bl jw @ = L0 . This leads to the linear systems
c d|l |y =z 01

aw + by =1 ar + bz=20
and
cw+dy=0 cx +dz=1.

A solution to these systems exists only if ad — bc # 0. Conversely, if ad — bc # 0 then a solution to
these linear systems exists and we find A~".

Ax = 0 implies that A=1(Ax) = A0 =0, so x = 0.

We must show that (A~HT = A7l First, AA~! = I, implies that (AA~1)T = I = I,,. Now
(AA T = (AHTAT = (A~HT A, which means that (A~H)T = A1,

4 5 0
A+B=|0 4 1 | is one possible answer.
6 —2 6
2x2|2x22x1 2x212x3
A=|2x%x2|2x2|2x1 | and B=| 2x2|2x3
2x2|2x212x1 1x2|1x3

3x3|3x2 3x3[3x2
A_{3><3 3x2}and3_[2x3 2><2}

(91 48 41 48 407
18 26 34 33 5
24 26 42 47 16

AB =
28 38 54 70 35
33 33 56 74 42
|34 37 58 79 54|
A symmetric matrix. To show this, let Aq,..., A, be symmetric matrices and let x1, ..., x, be scalars.

Then AT = A, ..., AT = A,,. Therefore

(1’114.1 + -+ QL'nAn)T = ({ElAl)T + -+ (iEnAn)T
:xlAf—i-—&—anf
=241+ +x,A,.

Hence the linear combination x1 Ay + - - - + 2, A, is symmetric.

A scalar matrix. To show this, let Aq,..., A, be scalar matrices and let z1,...,z, be scalars. Then
A; = ¢;1,, for scalars ¢, ...,c,. Therefore

1A+ 2 Ay =ai(ah) + o F an(endn) = (e + -+ 2nen) Iy

which is the scalar matrix whose diagonal entries are all equal to x1¢1 + - -+ + z,¢p.

(a) wy = ﬁ} Wy = [12}, w3 = {?3]7 Wy = [2(1;51}, Us = 5, uz = 19, uy = 65, us = 214.

(b) Wy,_1 = An71W0.

e o=l 4]
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63. (b) In MATLAB the following message is displayed.

Warning: Matrix is close to singular or badly scaled.
Results may be inaccurate.
RCOND = 2.937385e-018

Then a computed inverse is shown which is useless. (RCOND above is an estimate of the condition
number of the matrix.)

(¢) In MATLAB a message similar to that in (b) is displayed.

64. (c) In MATLAB, AB — BA is not O. It is a matrix each of whose entries has absolute value less than
1x 10714

65. (b) Let x be the solution from the linear system solver in MATLAB and y = A~1B. A crude measure
of difference in the two approaches is to look at max{|z; — y;| ¢ = 1,...,10}. This value is
approximately 6 x 107°. Hence, computationally the methods are not identical.

66. The student should observe that the “diagonal” of ones marches toward the upper right corner and
eventually “exits” the matrix leaving all of the entries zero.

67. (a) As k — oo, the entries in A¥ — 0, so A¥ — [8 8]

(b) As k — 0o, some of the entries in A* do not approach 0, so A¥ does not approach any matrix.

Section 1.6, p. 62

2. y
3_.
1_
f(u) = (3,0)
+ + + + + + X
-3 —-10|1\d 3
1T uw=(@,-2
4. y
3_.
14
—— x
o/ 1 2
1 f(u) = (6.19, —0.23)
u=(-2-3)



Section 1.6

6. y
—6,6
(769 fwy=-2u 6]
44
u=(-3,3) 2+
1 1 : 1 1 } 1 1 1 X
-6 -4 -2 0] 1
8. z
u = (07 27 4)
f( ) (47 -2 4) i
-1
b A —— y
: /// 1 '01
vl I
X
10. No.
12. Yes.
14. No.

16. (a) Reflection about the line y = z.

(b) Reflection about the line y = —

18. (a) Possible answers:

0 1
(b) Possible answers: 4] , [2] .
4] |o
20. (a) flu+v)=A(u+v)=Au+ Av = f(u) + f(v).
(b) fle ) A(cu) = ¢(Au) = cf(u).
(¢) fleu+dv) = Alcu+dv)

21. For any real numbers ¢ and d, we have

fleu+dv) = A(cu+dv)

= A(cu) + A(ev) = c(Au) + d(Av) = cf(u) + df (v).

15

= A(cu) + A(dv) = ¢(Au) + d(Av) = cf(u) + df(v) =c0+d0=0+0 = 0.
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0 0 Uy 0
22. (a) O(u) = = =0
0 0 Up, 0
1 0 --- 0 Up Uy
(b) I(u) = : S I R .
o0 --- 1 U U,

Section 1.7, p. 70

2.

)
4+
2 /
0 t t t t t t t t T
2 4 6 & 10 12 14 16
4. (a) y
4,16 12, 16
6l (4, 16) (12, 16)
12 +
81
N (4, 4) (12, 4)
4,4 12, 4
3_.
14
0 i T ?l) 4| T T T 8| T T T 1|2

Chapter 1
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Section 1.7
(b) y
24
14
1
4 1 1 x
ol+ %1 2
6. y
14
1
2
X
0 1

8. (1,-2), (—3,6), (11, -10).
10. We find that

(fio f2)(e1) = e2
(f20 f1)(e1) = —es.

Therefore f1 o fo # foo f1.

12. Here f(u) = [3 g} u. The new vertices are (0,0), (2,0), (2,3), and (0, 3).

y

(2,3)

14. (a) Possible answer: First perform f; (45° counterclockwise rotation), then f.

(b) Possible answer: First perform f3, then fs.

sind  cosd
rotation through the angle 26, so

f# —sinf
16. Let A = [COS St ] Then A represents a rotation through the angle . Hence A? represents a

2 |cos20 —sin20
~ | sin20  cos26|°
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Since
42 cos —sinf@] [cosf —sinf] [cos?6d — sin?@  —2sinfcosf
" |sin®  cosf| |sin® cos@| | 2sinfcosf  cos20 —sin?6 |’
we conclude that
cos 20 = cos® 0 — sin? 0
sin 20 = 2sin 6 cos 6.
17. Let
4 - |cos 0, —sinb; and B — cos(—fz) —sin(—602)] [ cosfy sinby
" |sinf;  cosbq ~ |sin(—62) cos(—f3)] |—sinfy cosfy |’

Then A and B represent rotations through the angles 6; and —60s, respectively. Hence B A represents
a rotation through the angle 6; — 5. Then

B [cos(&l —0) —sin(0; — 92)} |

sin(fh — 02)  cos(61 — 62)
Since
BA— cosfly sinfy| [cosfy —sinfy| |cosfcosls +sinfsinfy cosdsinby — sin b cos Oy
| —sinfy cosfy | | sinb; cosfy | |sinfycosfy — cosysinly cosby cosls + sinfysinbs |’

we conclude that

cos(fy — 02) = cos 01 cos b + sin 61 sin Oy

sin(fy — 03) = sin 0y cos s — cos O sin Hs.

Section 1.8, p. 79

2. Correlation coefficient = 0.9981. Quite highly correlated.

10

sk

10

100

80~ * *

60 -

40~

100
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Supplementary Exercises for Chapter 1, p. 80

by
2. k=1 B= .
(a) H
(D11 b2
k=2 B = .
v
(D11 b1z bis
k: B = .
3 0 0 0 ]
b— 4 B_ (11 b2 bz bua .
0 0 0 o0

(b) The answers are not unique. The only requirement is that row 2 of B have all zero entries.
100

1
4. (a) [(1) ﬂ. ® o0 o]l () L
000
_la b 5  [a*4+bc ab+bd] [0 1] .
(d) Let A= [c d}.ThenA = {ac—}—dc bc—i—dz} = [0 O] = B implies
bla+d) =
cla+d)=0

It follows that a + d # 0 and ¢ = 0. Thus

e[ )12

Hence, a = d = 0, which is a contradiction; thus, B has no square root.
5. (a) (ATA); = (row; AT) x (col; A) = (col; A)T x (col; A)
(b) From part (a)

a1q

T a2 ~ 5

(AT A)ii = [ar; agi - am] x| | = Zaji > 0.
. j=1

(2%

(c) ATA =0, if and only if (AT A);; =0 for i = 1, ..., n. But this is possible if and only if a;; = 0

fori=1,...,nandj=1,...,n
6. (AT =(A- A AT =ATAT ... AT = (AT)*.
- ~——
k times k times

7. Let A be a symmetric upper (lower) triangular matrix. Then a;; = aj; and a;; = 0 for j > (j < 9).
Thus, a;; = 0 whenever i # j, so A is diagonal.

8. If A is skew symmetric then AT = —A. Note that x” Ax is a scalar, thus (x? Ax)? = xT Ax. That is,
xTAx = (xTAx)T = xTATx = —(x" Ax).
The only scalar equal to its negative is zero. Hence x” Ax = 0 for all x.

9. We are asked to prove an “if and only if” statement. Hence two things must be proved.

(a) If A is nonsingular, then a; #0fori=1, ..., n.
Proof: If A is nonsingular then A is row equivalent to I,,. Since A is upper triangular, this can
occur only if we can multiply row ¢ by 1/a;; for each i. Hence a;; # 0 for i = 1, ..., n. (Other

row operations will then be needed to get I,,.)
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10.

11.

12.

13.

14.
15.

16.

Chapter 1

(b) Ifa;; #0 for i =1, ..., n then A is nonsingular.
Proof: Just reverse the steps given above in part (a).

Let A = 0 a and B = 00 . Then A and B are skew symmetric and AB = —ab 0
—a 0 -b 0 0 —ab
which is diagonal. The result is not true for n > 2. For example, let
0o 1 2
A=|-1 0 3
-2 -3 0
5 6 -3
Then A2 = 6 10 2
-3 2 13

Using the definition of trace and Exercise 5(a), we find that

Tr(AT A) = sum of the diagonal entries of A7 A (definition of trace)
n n n
= (ATA); =) a; (Exercise 5(a))
i=1 i=1 |j=1

= sum of the squares of all entries of A
Thus the only way Tr(AT A) =0isifa;; =0fori=1,...,nand j=1,...,n. Thatis,if A= O.
When AB = BA.

Let A= Ll) i Then
o %+<§)2 d 4t |1 %+<%)2;(%>3
0 (%) 0 (3)
Following the pattern for the elements we have
o [T )
0 (3)"
A formal proof by induction can be given.
BF = pAkp-1L,
Since A is skew symmetric, AT = —A. Therefore,

A=A = —A(ATY)T = AT(AY)T = (AT )T =17 =1

and similarly, [-(A"17T]A = I. Hence —(A™1)T = A71 so (A~HT = —A~! and therefore A~ is
skew symmetric.

If Ax = 0 for all n x 1 matrices x, then AE; =0, j =1,2,...,n where E; = column j of I,,. But then

An j

Hence column j of A = 0 for each j and it follows that A = O.
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17. If Ax = x for all n x 1 matrices X, then AE; = E;, where Ej is column j of I,,. Since

18.

19.

20.

21.

22.

alj

agj
AE; = | | = E

Qnj
it follows that a;; = 1 if i = j and 0 otherwise. Hence A = I,,.

If Ax = Bx for all n x 1 matrices x, then AE; = BE;, j =1,2,...,n where E; = column j of I,,. But
then

a1j blj

a2; bgj
AE]‘ = = BEj - .

Qnj bnj

Hence column j of A = column j of B for each j and it follows that A = B.
(a) I2 =1, and O? = O
(b) One such matrix is [8 ﬂ and another is Ll) 8}

(c) If A2 = A and A~ exists, then A71(A?) = A=A which simplifies to give A = I,,.
We have A2 = A and B? = B.
(a) (AB)? = ABAB = A(BA)B = A(AB)B (since AB = BA)
= A?B? = AB (since A and B are idempotent)
(b) (AT)2 = ATAT = (AA)T (by the properties of the transpose)
= (AH)T = AT (since A is idempotent)
(¢) If A and B are n x n and idempotent, then A + B need not be idempotent. For example, let

A= [(1) (1)} and B = [(1) ﬂ Both A and B are idempotent and C = A+ B = E J. However,
2 2
2 _
C? = {2 2} #C.

(d) k=0and k= 1.

(a) We prove this statement using induction. The result is true for n = 1. Assume it is true for n = k
so that A¥ = A. Then
A= AAF = AA= A7 = A
Thus the result is true for n = k + 1. It follows by induction that A™ = A for all integers n > 1.
(b) (I, —A?=12-24+A%>=1,-2A+A=1,— A

(a) If A were nonsingular then products of A with itself must also be nonsingular, but A* is singular
since it is the zero matrix. Thus A must be singular.

(b) A3 =0.
() k=1 A=0; I,-A=1,; (I,-A)1A=1,
k=2 A2=0; (I,—A)I,+A)=1,-—A*=1,; (I, —A) " '=1,+ A
k=3 A3=0; (I, -A)I,+A+A*)=1,-A=1,; (I, -A) ' =1,+A+ A?

etc.
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ve |,
1
24.
1 1
25. (a) Mcd(cA) = Z (caij) =c¢ Z a;; = cMcd(A)
itj=n+1 itj=n+1
(b) Mcd(A+B)= > (ag+byj)= > aj+ Y by=Mcd(A)+Mcd(B)
i+j=n+1 i+j=n+1 i+j=n+1
(C) MCd(AT) = (AT)ln —+ (AT)2n71 + -+ (AT)nl = Qnp1 —+ ap—12 + -+ A1p = MCd(A)
7T =3 1 1
(d) Let A= [0 0} and B = {1 1 } Then
AB = [100 04} with Mcd(AB) = 4
and
7T =3 .
BA = 73 with Mcd(BA) = —10.
0
0
0
3
1 2 1 10 0 . -1 0 .
(b) Solve [3 4} y= [1] and {2 3] z = [3] obtaining y = [ J and z = [1] Then the solution
-1
to the given linear system Ax = B is x = (1) where x = {Z] .
1

27. Let

S e ]

Then A and B are skew symmetric and

AB — —ab 0
0 —ab

which is diagonal. The result is not true for n > 2. For example, let
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Then
5 6 -3
A2 =1 6 10 2
-3 2 13

28. Consider the linear system Ax = 0. If A;; and Ay are nonsingular, then the matrix
AL O
O Ay
is the inverse of A (verify by block multiplying). Thus A is nonsingular.

29. Let

A A
A =
[ o A2J

where Aq1 isr x r and A9y is s X s. Let

By Bl2:|
B =
[321 Bao

where By is r X r and Bgy is s X s. Then

AB — A11B11 + A12Bo A11312+A12322} _ |:Ir O]

Ao Boy AsoBoo O I,

23

We have AooBos = I, S0 Bog = A2_21. We also have Az Bo; = O, and multiplying both sides of this

equation by A;zl, we find that Bo; = O. Thus Ay1B11 = I, so B1y = Aﬁl. Next, since
A1 Bia+ A12Bay = O

then
A11Bia = —A13Bgs = — A2 Ay,

Hence,
Biy = — A A AL

Since we have solved for Bi1, Bis, Ba1, and Bay, we conclude that A is nonsingular. Moreover,

Aﬁl _Af11A12A521

A=
@ Ay
Lo 206w
30. (a) XYT =18 10 12|. (b) XYT =
12 15 18 “LUse
-2 0 6 10
T T
3. Let X =[1 5] andY =[4 —3] . Then

) 20 —15

XY" = H [4 —3] = [ : 3} and VX7 = [_3] [1 5] = [ 420

It follows that XY 7 is not necessarily the same as Y X7

-3 =15



24 Chapter 1
32. Tr(XYT) =291 + 2oy2 + -+ + 2nyn  (See Exercise 27)
— X7y,
(1 7
33. colj (A) x row(B) + coly(A) x rowa(B) = |3 | [2 4]+ | 9| [6 8]
5 11
2 4 42 56 44 60
=| 6 12|+ |54 72| = |60 84| =AB.
110 20 66 88 76 108

34. (a) HT = (I, —2WWDT = [T —o(WWT)T =1, —2(WD)ITWT =1,, —2WW7T = H.
(b) HHT = HH = (I, — 2WW7T)(I, — 2WWT)
=1, —AWWT + aWWTwwT
=1, —4aWWT rawwTw)wT
=1, —4AWWT +4W(I,)WT =1,
Thus, HT = H~ 1.

1 5 1 1 0000 1 2100
1 2 3 1 9 5 01000 01210
35. () (3120 ()|, [ | @001 00 =5 (@001 21
2 31 9 5 _1 1 00010 1001 2
00O0O0T1 21001
1 C2 C3
36. We have C = circ(cy,ca,¢3) = | c3 ¢1 ¢a|. Thus C is symmetric if and only if co = ¢3.
Cy C3 (1
n
37. Ox = Zci] X.
i=1
38. We proceed directly.
[c1 c3 col [e1 ca 3] A +ck+c3 c1Ccy + c3c1 4+ coc3  cic3 + c3cg + cacq ]
CTC=|ecy 1 e c3 ¢1 G| = | cacr +cie3 + 3 c3+ct+ c% cac3 + c1ea + 301
lc3 C2 c1] |Lca c3 c1 ] | cac1 + cac3 + Cc1Cg  C3C2 + Cac1 + €103 c% + c% + c%
[c1 e 3 [e1 c3 ¢ A +ck+c3 c1c3 + Cocy 4+ €3¢y c1Cy + cacs + c3cq ]
CCT = |es 1 e ey c1 c3| = |c3e1 +ciea + eoacs cg + 2 + c2 c3ca + c1e3 + cacq
lC2 ¢c3 c1] |Les ¢ c1 ] | C2C1 + ¢c3C2 + Cc1€3  Cac3 + C3C1 + Cc1C2 c% + c% + c%

It follows that CTC = CCT.

Chapter Review for Chapter 1, p. 83

True or False
1. False.
6. True.

2. False.

7. True.

3. True.
8. True.

4. True.
9. True.

5. True.
10. True.




Chapter Review

Quiz
2
1. x= .
<[]
2.r=0
3.a=b=4
4. (a) a=

(b) b= 10, ¢ = any real number.

3 .
5. u= { } , where r is any real number.
r

25






Chapter 2

Solving Linear Systems

Section 2.1, p. 94

2.

10.

3‘1“_’“ 1 -1 1 0 -3
a) Possible answer: B 1 1 1
( ) P bl ry + ro
—41‘1 +r3 —r3
9ry 4 I3 — T3 (10 0 0 O
21‘41—|—I‘2—>I‘2 Bl 1 —4
(b) Possible answer: r1 T3 I3 1
o +r3 —rs3
%1‘3 —rg 10 0 1
1 0 0 8
3rs+r—r; |0 1 0 -1 10 0-1 4
(a) ot Ty — Ty 0 0 1 9 (b) —=3ra+r;—r; 0 1 0 1 o0
0O 0 1 -1 0
0O 0 0 0

—Iy — I

721‘1 +TI9 — TIo
721‘1 + rs —rs
(a) %rQ — I3

—31‘3 — I3

%I‘g +Tro — o
—51‘3 + ry —r;
21’2 + r —r;

(a) REF (b) RREF  (¢) N

—31‘1 +Tro — o
*51‘1 +r3 —r3
I3 (b) 2r1 +rs—ry
—ro + I3 — I3
—ro 4+ 1] — Iy

o O O
o O = O
O O N

Consider the columns of A which contain leading entries of nonzero rows of A. If this set of columns is
the entire set of n columns, then A = I,,. Otherwise there are fewer than n leading entries, and hence
fewer than n nonzero rows of A.

(a) A is row equivalent to itself: the sequence of operations is the empty sequence.

(b) Each elementary row operation of types I, IT or III has a corresponding inverse operation of the
same type which “undoes” the effect of the original operation. For example, the inverse of the
operation “add d times row r of A to row s of A” is “subtract d times row r of A from row s of
A Since B is assumed row equivalent to A, there is a sequence of elementary row operations
which gets from A to B. Take those operations in the reverse order, and for each operation do its
inverse, and that takes B to A. Thus A is row equivalent to B.

(¢) Follow the operations which take A to B with those which take B to C.
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12.

Chapter 2

10000 10000
(a) |2 1000 (b) JO01 000
32100 00100

Section 2.2, p. 113

2.

10.

12.

14.
16.

18.

19.

20.

22.
24.

(a) x=—-6-—s—t,y=s,z2=t, w=>.

(b) x=-3,y=-2,2=1.
(a) =542, y=2—-1t,z=t.
(b) z=1,y=2,z=4+t, w=t.

=-2+4r,y=-1,2=8—2r, x4 = r, where r is any real number.

—~ o~
52

wWin

T
_ _ 2 _
r=1Ly=%2=—

No solution.

—
o T
P N N

(a) 2=1—r,y=2,2=1, x4 =r, where r is any real number.
(b) x=1—-r,y=24r,z=—1+4+r, ¢4 =r, where r is any real number.
K
x=1, , where r # 0.
~1p
X = %r , where r #£ 0.
r
(a) a=—-2. (b) a # £2. (c) a=2.

(a) a=%v6. (b) a#+V6.

a b|0

c d|0

that the linear system has only the trivial solution if and only if A is row equivalent to I5. Now show
that this occurs if and only if ad — bc # 0. If ad — be # 0 then at least one of a or ¢ is # 0, and it is a
routine matter to show that A is row equivalent to Is. If ad — be = 0, then by case considerations we
find that A is row equivalent to a matrix that has a row or column consisting entirely of zeros, so that
A is not row equivalent to I.

The augmented matrix is . If we reduce this matrix to reduced row echelon form, we see

Alternate proof: If ad — be # 0, then A is nonsingular, so the only solution is the trivial one. If
ad — bc = 0, then ad = be. If ad = 0 then either a or d = 0, say a = 0. Then bc = 0, and either b
or ¢ = 0. In any of these cases we get a nontrivial solution. If ad # 0, then & = g, and the second

equation is a multiple of the first one so we again have a nontrivial solution.

This had to be shown in the first proof of Exercise 18 above. If the alternate proof of Exercise 18 was
given, then Exercise 19 follows from the former by noting that the homogeneous system Ax = 0 has
only the trivial solution if and only if A is row equivalent to I5 and this occurs if and only if ad —bc # 0.

3 ~1
2
-2 + 1| t, where t is any number.
0 0
—a+b+c=0.

(a) Change “row” to “column.”

(b) Proceed as in the proof of Theorem 2.1, changing “row” to “column.”
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25.

26.

28.

29.

30.

32.
34.

36.

37.

38.

40.

42.

Using Exercise 24(b) we can assume that every m x n matrix A is column equivalent to a matrix in
column echelon form. That is, A is column equivalent to a matrix B that satisfies the following:
(a) All columns consisting entirely of zeros, if any, are at the right side of the matrix.

(b) The first nonzero entry in each column that is not all zeros is a 1, called the leading entry of the
column.

(¢) If the columns j and j + 1 are two successive columns that are not all zeros, then the leading

entry of column j + 1 is below the leading entry of column j.

We start with matrix B and show that it is possible to find a matrix C that is column equivalent to B
that satisfies

(d) If a row contains a leading entry of some column then all other entries in that row are zero.
If column j of B contains a nonzero element, then its first (counting top to bottom) nonzero element
is a 1. Suppose the 1 appears in row 7;. We can perform column operations of the form ac; + ¢ for
each of the nonzero columns ¢ of B such that the resulting matrix has row r; with a 1 in the (r}, 7)
entry and zeros everywhere else. This can be done for each column that contains a nonzero entry hence
we can produce a matrix C satisfying (d). It follows that C' is the unique matrix in reduced column
echelon form and column equivalent to the original matrix A.

—-3a—b+c=0.

Apply Exercise 18 to the linear system given here. The coefficient matrix is

Hence from Exercise 18, we have a nontrivial solution if and only if (a — r)(b — r) — ¢d = 0.

(a) A(xp+xp) =Ax, + Ax, =b+0=bh.

(b) Let x,, be a particular solution to Ax = b and let x be any solution to Ax = b. Let x; = x —x,,.
Then x = x, + x5, = X, + (X — X,) and Ax), = A(x — x,) = Ax — Ax, =b —b = 0. Thus xy, is
in fact a solution to Ax = 0.

(a) 322 +2 (b) 222 —x —1

%mQ —T+ %

(a) x=0,y=0 (b) z=5y=—-7

r= 5, r9 =9

The GPS receiver is located at the tangent point where the two circles intersect.

4Fe + 309 — 2Feq 03

No solution.
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Section 2.3, p. 124

1. The elementary matrix £ which results from I, by a type I interchange of the ith and jth row differs
from I,, by having 1’s in the (4, j) and (j,4) positions and 0’s in the (4,4) and (j, j) positions. For that
FE, EA has as its ith row the jth row of A and for its jth row the ith row of A.

The elementary matrix £ which results from I,, by a type II operation differs from I,, by having ¢ # 0
in the (7,4) position. Then FA has as its ith row ¢ times the ith row of A.

The elementary matrix £ which results from I,, by a type III operation differs from I,, by having ¢ in
the (j,7) position. Then EA has as jth row the sum of the jth row of A and ¢ times the ith row of A.

1 0 0 0 1 000 0010
0 -2 0 0 0100 0100
2. . b .
@1 o 1 o ®) 1o 01 0 © 1y 000
0o 0 0 1 0031 0001
1 0 0 1 0 0
4. (a) Add 2 times row 1 to row 3: 0 1 0|—|0 1 0|=C
|2 1 0 0 1
(1 0 O 1 0
(b) Add 2 timesrow 1 torow3: [0 1 0| — 1|0 1 0|=8B
0 0 1 2 1
1 0 O 1 0 0] 1 0 0]
(¢) AB = 0O 1 o0f|j0 1 of=1]0 1 o0
2 o0 1)Jl2 o 1] |o o 1]
(1 0 0 1 0 0] it 0 0]
BA=1|0 1 0 0O 1 o0of=1]0 1 o0
2 0 1][-2 o 1] |o o 1]
Therefore B is the inverse of A.

6. If E; is an elementary matrix of type I then El_1 = F;. Let E3 be obtained from I,, by multiplying
the ith row of I, by ¢ # 0. Let EJ be obtained from I,, by multiplying the ith row of I,, by % Then
EyE5 = I,,. Let E3 be obtained from I,, by adding ¢ times the ith row of I,, to the jth row of I,,. Let
E3 be obtained from I,, by adding —c times the ith row of I,, to the jth row of I,,. Then E3E3 = I,,.

1 -1 0
-1_| 3 1 _3
8. A7 = 2 2 2
-1 0 1
31 3 _3 _1
L =10 -1 5 3 5 —3 ~5
10. (a) Singular. (b) 1 -2 1 (c) 1 -3 1 (d) z 3 4
_3 5 _1 0 1 _1 _1 1 2
2 2 T2 2 T2 5 5 5
1 -1 0 -1
) 0 -5 0 0 .
12. (a) A™' = (b) Singular.
1 4 1 3
5 5 5
2 1 _2 _1
5 ~2 75 5
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14.

16.

18.
20.
21.

22.

23.

24.

25.

26.
27.

28.

29.

A is row equivalent to I3; a possible answer is

1 2 3 1 00 1 2 0] 1 0] [1 0 O 1 00][1 0 -1
A=101 2| =101 0 0100 1 0]]010O0 01210 1 0
1 0 3 1 01 00 1] [0 -2 1] |0 0 4 001/ [0 0 1
b o1
A=} 0 -
-1 1 0
(b) and (c).
For a = —1 or a = 3.

This follows directly from Exercise 19 of Section 2.1 and Corollary 2.2. To show that

1 d —b
A7l =
ad — be {—c a }
we proceed as follows:

1 [d —bl[a b] 1 [ad—be db—bd] [1 0
ad—bc|—c al|lc d| ad—bc |—ca+ac —bc+ad| |0 1|°

1 0 0 100 1 0 -5
(@ [0 1 ofl. ®|o10]. (@ ]0 1 0
0 0 -3 010 0 0 1

The matrices A and B are row equivalent if and only if B = EyFEy_1 -+ ExFp A.
Let P = EkEk,1 s EgEl.

If A and B are row equivalent then B = PA, where P is nonsingular, and A = P~!B (Exercise 23). If
A is nonsingular then B is nonsingular, and conversely.

Suppose B is singular. Then by Theorem 2.9 there exists x # 0 such that Bx = 0. Then (AB)x =
A0 = 0, which means that the homogeneous system (AB)x = 0 has a nontrivial solution. Theorem
2.9 implies that AB is singular, a contradiction. Hence, B is nonsingular. Since A = (AB)B~! is a
product of nonsingular matrices, it follows that A is nonsingular.

Alternate Proof: If AB is nonsingular it follows that AB is row equivalent to I,,, so P(AB) = I,,. Since
P is nonsingular, P = EyFEy_1--- EsEy. Then (PA)B = I, or (ExEr_1---E2E1A)B = I,,. Letting
EyEyp_1---FEyFE1A = C, we have CB = I, which implies that B is nonsingular. Since PAB = I,,,
A =P 1B7! s0 A is nonsingular.

The matrix A is row equivalent to O if and only if A = PO = O where P is nonsingular.

The matrix A is row equivalent to B if and only if B = PA, where P is a nonsingular matrix. Now
BT = ATPT so A is row equivalent to B if and only if AT is column equivalent to BT .

If A has a row of zeros, then A cannot be row equivalent to I,,, and so by Corollary 2.2, A is singular.
If the jth column of A is the zero column, then the homogeneous system Ax = 0 has a nontrivial
solution, the vector x with 1 in the jth entry and zeros elsewhere. By Theorem 2.9, A is singular.

(a) No. Let A = [é 8}, B = {8 (1)] Then (A + B)~! exists but A=! and B~! do not. Even
supposing they all exist, equality need not hold. Let A = [1], B = [2] so (A+ B)™' = [§] #
[1]+[3]=4""'+B%
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30.

31.

Chapter 1
(b) Yes, for A nonsingular and r # 0.

(rA) {%Al} =r H A-A =11, =1,.

Suppose that A is nonsingular. Then Ax = b has the solution x = A~ 'b for every n x 1 matrix b.
Conversely, suppose that Ax = b is consistent for every n x 1 matrix b. Letting b be the matrices

1 0 0
1 0
eg=|:|, e= 0 s eeey €=,
: 0
0 0 1
we see that we have solutions x1, X2, ..., X, to the linear systems
Axy =e;, Axs=ey, ..., Ax, =e,. (%)

Letting C' be the matrix whose jth column is x;, we can write the n systems in (x) as AC = I,,, since
I, = [el ey .- en]. Hence, A is nonsingular.

We consider the case that A is nonsingular and upper triangular. A similar argument can be given for
A lower triangular.

By Theorem 2.8, A is a product of elementary matrices which are the inverses of the elementary
matrices that “reduce” A to I,,. That is,

A=FE' BN

The elementary matrix F; will be upper triangular since it is used to introduce zeros into the upper
triangular part of A in the reduction process. The inverse of E; is an elementary matrix of the same
type and also an upper triangular matrix. Since the product of upper triangular matrices is upper
triangular and we have A~ = Ej --- E; we conclude that A~! is upper triangular.

Section 2.4, p. 129

1.

See the answer to Exercise 4, Section 2.1. Where it mentions only row operations, now read “row and
column operations”.

I,

() [0] b) L. (o) H? 8] (d) In.

. Allowable equivalence operations (“elementary row or elementary column operation”) include in par-

ticular elementary row operations.

A and B are equivalent if and only if B = E;--- EoEWAF\Fy -+ Fs. Let E By _q--- EoFEy = P and
APy Fy=Q.

-1 2 0 1 0 -1

I 0
B= {02 o]; a possible answer is: B=| 1 —1 0| A|0 1 -1
-1 1 1 0 0 1
Suppose A were nonzero but equivalent to O. Then some ultimate elementary row or column operation

must have transformed a nonzero matrix A, into the zero matrix O. By considering the types of
elementary operations we see that this is impossible.
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9. Replace “row” by “column” and vice versa in the elementary operations which transform A into B.

10. Possible answers are:
1 -2 3 0

(a) |0 =1 4 3{. (b) [
0 2 -5 =2

1 0 0 0 0
} () lo 1 -2 0 2
0 5 5 4 4

10
00

11. If A and B are equivalent then B = PAQ and A = P~'BQ~'. If A is nonsingular then B is nonsingular,
and conversely.

Section 2.5, p. 136

0
2. x= | =2
L 3]
oy
1
4 x =
X 0
L 5]
100 3 1 -2 -3
6. L= 1ol,u=| 0 6 2|,x=]| 4
5 31 0 0 —4 1
T 100 0 5 4 0 1 1
6100 0 3 2 1 —2
L= - -
8 12107 0 0 -4 1'% 5
|2 3 21 0 0 0 -2 4
-1 0 0 0 4 1 025 —05 ~15
02 1 0 0 0 04 12 -25 42
]. . L: = —
0 04 08 1 0o'Y" o o0 —oss 2% 2.6
9 12 —04 1 0 0 0 —25 -9

Supplementary Exercises for Chapter 2, p. 137

2. (a) a=—4ora=2.

(b) The system has a solution for each value of a.

4. ¢+2a—-3b=0.

5. (a) Multiply the jth row of B by .
(b) Interchange the ith and jth rows of B.
(¢) Add —Fk times the jth row of B to its ith row.
6. (a) If we transform E; to reduced row echelon form, we obtain I,,. Hence E is row equivalent to I,

and thus is nonsingular.

(b) If we transform Es to reduced row echelon form, we obtain I,,. Hence Es is row equivalent to I,
and thus is nonsingular.
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12.

13.

Chapter 2

(c) If we transform FEj5 to reduced row echelon form, we obtain I,,. Hence Ej5 is row equivalent to I,
and thus is nonsingular.

1 —a a® -d
0 1 —-a a?
0 O 1 —a
0 0 0 1
—41 83
(a) 47 (b) | —45
—-35 —62
s#0, £/2.

For any angle 6, cosf and sin @ are never simultaneously zero. Thus at least one element in column 1
is not zero. Assume cosf # 0. (If cosf = 0, then interchange rows 1 and 2 and proceed in a similar
manner to that described below.) To show that the matrix is nonsingular and determine its inverse,

we put
10
01

1
cos 6

cosf sinf
—sinf cosf

times row 1 and sin @ times row 1 added to

into reduced row echelon form. Apply row operations
row 2 to obtain

sin 0 1
1 0
cos 6 cos 6
sin” 0 sin 0
0 + cos 6 1
cos cos 6
Since
sin? 0 sin? 6 + cos? 0 1
+ cosf = = ,
0s 6 cos cos

sin 6
cos 0

the (2,2)-element is not zero. Applying row operations cosf times row 2 and (— ) times row 2

added to row 1 we obtain
10
01 )

It follows that the matrix is nonsingular and its inverse is

cosf) —sinf

sin 6 cos

cosf —sind
sind  cosf |’
(a) Au+v)=Au+Av=0+0=0.
(b) A u—v)=Au—Av=0-0=0.
(¢) A(ru) =r(Au) =70=0.
(d) A(ru+ sv) =r(Au) + s(Av) =r0+ s0 = 0.
If Au=b and Av =b, then A(lu—v)=Au—-—Av=b—-b=0.
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16.

17.

18.

20.

21.

Suppose at some point in the process of reducing the augmented matrix to reduced row echelon form
we encounter a row whose first n entries are zero but whose (n 4+ 1)st entry is some number ¢ # 0. The
corresponding linear equation is

O-z14+---4+0-2z,=c or 0=c.
This equation has no solution, thus the linear system is inconsistent.

Let u be one solution to Ax = b. Since A is singular, the homogeneous system Ax = 0 has a nontrivial
solution ug. Then for any real number r, v = ruy is also a solution to the homogeneous system. Finally,
by Exercise 29, Sec. 2.2, for each of the infinitely many vectors v, the vector w = u + v is a solution
to the nonhomogeneous system Ax = b.

s=1,t=1.
If any of the diagonal entries of L or U is zero, there will not be a unique solution.

The outer product of X and Y can be written in the form

o1y oy o oy
oyT_ | P (i 2 - Unl
o ly1 Y2 o Yn

If either X = O or Y = O, then XY7T = O. Thus assume that there is at least one nonzero component
in X, say z;, and at least one nonzero component in Y, say y;. Then (i) Row;(XYT) makes the ith
row exactly Y. Since all the other rows are multiples of Y7, row operations of the form —z,R; + R,,

for p # i, can be performed to zero out everything but the ith row. It follows that either XY 7 is row
equivalent to O or to a matrix with n — 1 zero rows.

Chapter Review for Chapter 2, p. 138

True or False

1.
6.

Quiz

False. 2. True. 3. False. 4. True. 5. True.
True. 7. True. 8. True. 9. True. 10. False.
1 0 2

013

000

(a) No

(b) Infinitely many.

(c) No.

—6+2r+7s
(d) x= —gs , where r and s are any real numbers.
s

k = 6.
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0
4. 1o
0

M_1 1 1

2 2 2

5.1 1 -1 0

_1 3 _1

L 2 2 2

6. P=A"1,Q=8.

7. Possible answers: Diagonal, zero, or symmetric.

Chapter 2



Chapter 3

Determinants

Section 3.1, p. 145
2. (a) 4. (b) 7. (c) 0.

4. (a) odd. (b) even. (c) even.

6. (a) — (b) +. (c) +.

) 7.

8. (a

10. det (A) = (11022033044 — 011022034043 — 11023032044 + 411023034042 + Q11024032043 — 411024033042+ *

(24 summands).
12. (a) — (b) —36. (c) 180.
14. (a) t* — 8t — 20. (b) t3 —t.
16. (a) t=10,t = —2. (b)yt=0,t=1,t=—1.

Section 3.2, p. 154
2. (a) 4. (b) —=24. (c) —=30. (d) 72. (e) —120. (f)O.
-2,
(a) det(A) = —7, det(B) = 3. (b) det(A) = —24, det(B) = —30.
Yes, since det(AB) = det(A) det(B) and det(BA) = det(B) det(A).

© o e

Yes, since det(AB) = det(A) det(B) implies that det(A) = 0 or det(B) = 0.

10. det(cA) = D> (£)(carj, )(cass,) - - - (canj, ) = " Y (£)aij, azj, - - - anj, = " det(A).

11. Since A is skew symmetric, AT = —A. Therefore
det(A) = det(AT) by Theorem 3.1
= det(—A) since A is skew symmetric
= (—=1)"det(A) by Exercise 10
= —det(A) since n is odd

The only number equal to its negative is zero, so det(A) = 0.
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12. This result follows from the observation that each term in det(A) is a product of n entries of A, each
with its appropriate sign, with exactly one entry from each row and exactly one entry from each column.

13. We have det(AB~1) = (det A)(det B~!) = (det A) (diB)
e

14. If AB =1, then det(AB) = det(A) det(B) = det(I,,) = 1, so det(A) # 0 and det(B) # 0.
15. (a) By Corollary 3.3, det(A~!) = 1/det(A). Since A = A~1, we have

1
~ det(A)

det(A) —  (det(A))? = 1.

Hence det(A4) = £1.
(b) If AT = A=1, then det(AT) = det(A~!). But
1
det(A)

det(A) = det(AT) and det(A™!) =

hence we have
1
~ det(A)

det(A) —  (det(A)2=1 = det(A) = £L.

16. From Definition 3.2, the only time we get terms which do not contain a zero factor is when the terms
involved come from A and B alone. Each one of the column permutations of terms from A can be
associated with every one of the column permutations of B. Hence by factoring we have

A O '
det <[O B}) = Z(terms from A for any column permutation)|B]|

= |B| Z(terms from A for any column permutation)
= (det B)(det A) = (det A)(det B).
17. If A%2 = A, then det(A?) = [det(A)]? = det(A), so det(A) = 1. Alternate solution: If A2 = A and A is
nonsingular, then A='A%2 = A='A =1,,s0o A= I, and det(A) = det(I,) = 1.
_ 1
~ det(A)
19. From Definition 3.2, the only time we get terms which do not contain a zero factor is when the terms
involved come from A and B alone. Each one of the column permutations of terms from A can be
associated with every one of the column permutations of B. Hence by factoring we have
A O
C B

18. Since AA™! =1,,, det(AA™1) = det(I,,) = 1, so det(A) det(A~1) = 1. Hence, det(A™1!)

' = Z (terms from A for any column permutations)|B]|

= |B] Z (terms from A for any column permutation)

= [B[|A]

20. (a) det(ATBT) = det(AT) det(BT) = det(A) det(BT).
d

(
(b) det(ATBT) = det(AT) det(B”) = det(AT) det(B).
1 a a? 1 a a?
22. |1 b b|=|0 b—a b —a?
1 ¢ ¢ 0 c—a c—a?
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24.
26.

28.

29.

30.

31.

32.

33.

34.
36.

37.

(a) and (b).
(a) t 0. (b) t#£+1.  (c) t#0,+1.
The system has only the trivial solution.

If A= [aij] is upper triangular, then det(A) = ajjass - - anp, so det(A) # 0 if and only if a;; # 0 for
i=1,2,....n.

(a) I3

(b) Only the trivial solution.

(a) A matrix having at least one row of zeros.
(b) Infinitely many.

If A% = A, then det(A?) = det(A), so [det(A)]?> = det(A). Thus, det(A)(det(A) — 1) = 0. This implies
that det(A) =0 or det(A) = 1.

If A and B are similar, then there exists a nonsingular matrix P such that B = P~1AP. Then

det(B) = det(P~'BP) = det(P~") det(A) det(P) = det(P)det(A) = det(A).

1
det(P)

If det(A) # 0, then A is nonsingular. Hence, A~'AB = A=YAC, so B = C.

In MATLAB the command for the determinant actually invokes an LU-factorization, hence is closely
associated with the material in Section 2.5.

For e = 107°, MATLAB gives the determinant as —3 x 10~° which agrees with the theory; for e = 10714,
—3.2026 x 10714; for e = 1071%, —6.2800 x 10~1%; for e = 10716, zero.

Section 3.3, p. 164

2.
4.

12.

13.

—23.  (b)7. ()15 (d) —28.

)

a) 3. (0. ()3  (d)6.

)2, ()24, (f) —30.
)

—24.  (d)72.  (e) —120.

. We proceed by successive expansions along first columns:
A22 Q23 - G2p agz3 @34 - Aa3p
0 asz3 -+ asn 0 ass - aan
det(A) = a1 | . . . | =aan| | . .| = =anan - ang.
0 0 Ann 0 0 Ann

t=1,t=—1¢t=—2.

(a) From Definition 3.2 each term in the expansion of the determinant of an n x n matrix is a product
of n entries of the matrix. Each of these products contains exactly one entry from each row and
exactly one entry from each column. Thus each such product from det(tl,, — A) contains at most
n terms of the form ¢t — a;;. Hence each of these products is at most a polynomial of degree n.
Since one of the products has the form (¢ — a11)(t — ag2) - -+ (t — any) it follows that the sum of
the products is a polynomial of degree n in t.
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(b) The coefficient of t" is 1 since it only appears in the term (t — a11)(t — agq) - -+ (¢ — apyn) which
we discussed in part (a). (The permutation of the column indices is even here so a plus sign is
associated with this term.)

(c¢) Using part (a), suppose that
det(tl, — A) =t" +cit" +eot™ 2+t +cp.

Set t = 0 and we have det(—A) = ¢, which implies that ¢,, = (—1)" det(A). (See Exercise 10 in
Section 6.2.)

14. (a) f(t) =t2 =5t —2, det(A) = —2.
(b) f(t) =13 —t* — 13t — 26, det(A) = 26.
(c) f(t)=1t>—2t, det(A) = 0.

16. 6.

18. Let Pi(z1,y1), Po(x2,y2), Ps(x3,ys) be the vertices of a triangle 7. Then from Equation (2), we have

1 zr oy 1
area of T' = 3 det | |22 y2 1 = L |z1y2 + Y123 + Toys — T3Y2 — Y3T1 — T2y
z3 ys 1

Let A be the matrix representing a counterclockwise rotation L through an angle ¢. Thus

A |:COS¢ —sinﬂ

sing  cos¢

and Py, Py, Pj are the vertices of L(T), the image of T. We have

I ( _x1_> _ (21 cos¢ —y1sin @]
K | z18ing +yicosg |’
I <x2> _ (25 cos ¢ — yasin @ |
| Y2 | | T28ing +yacos¢ |’
I < _3:3_> _ [x3cos¢ — y3sin @]
| Y3 ] | 38in ¢ +yzcos¢g |’

Then

1 T1Ccos¢p —y1sing z1sing+yjcosg 1
area of L(T) = 3 det Lo COSP —Yosing xosing +yscosd 1
T3CO0S¢ —yssing xgsing +yscosgp 1
= % |(x1 cos ¢ — yy sin @) [x2 sin ¢ + y2 cos p — x3 sin ¢ — y3 cos @)
+ (22 cos d — Yo sin @)[x3 sin ¢ + y3 cos ¢ — x1 sin ¢ — y; cos @]
+(23 cos ¢ — y3sin @) [z sin @ + y;1 cos ¢ — x9 sin d — ya cos @
= % |x1y2 + Y123 + T2Y3 — T3Y2 — T1Y3 — 332y1|
= area of T

19. Let T be the triangle with vertices (x1,y1), (z2,y2), and (z3,ys). Let

[
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and define the linear operator L: R? — R? by L(v) = Av for v in R2. The vertices of L(T) are
(ax1 + byr,cx1 +dyr), (axe + bys,cxa + dy2), and (azs + bys,cxs + dys).
Then by Equation (2),
Area of T = % |x1y2 — T1Ys — Tay1 + Tays + T3y1 — T3Y2|
and
Area of L(T) = % laz1dys — az1dys — axadyr + axadys + axsdy; — axsdys
—bcxys + bewyys + bexayr — berays — bewsyr + bexzys|
Now,
|det(A)] - Area of T' = |ad — bc| % |12 — T1Y3 — T2y1 + T2ys + T3y — T3Y2]
= % lax1dys — ax1dys — axady; + axadys + axsdy; — axzdys

—bex1ys + bexyys + bexayr — bexays — bexsyr + bexsys|
= |Area of L(T)|

Section 3.4, p. 169

2 —7 —6
2. () | 1 -7 —-3|. (b)-T.
—4 7 5
-3 1 %
4. |2 1
$ -1 -3

6. If A is symmetric, then for each ¢ and j, Mj; is the transpose of M;;. Thus Aj; = (—1)7 | M| =
(=1)"™ M| = Ayj.

8. The adjoint matrix is upper triangular if A is upper triangular, since a;; = 0 if ¢ > j which implies

1 be(c—b) acla—c) ablb—a)

10. b2 — 2 —a? a? —b?
(b—a)(c—a)(c—0) c—b ‘e b—a
1 -6 -2 9
12. ~%1 0 8 —12
0 0 -—-12

13. We follow the hint. If A is singular then det(A) = 0. Hence A(adj A) = det(A) I, =0, = O. If adj A
were nonsingular, (adj A)~! exists. Then we have

A(adj A)(adj A)"' = A=0(adj A)"! =0,

that is, A = O. But the adjoint of the zero matrix must be a matrix of all zeros. Thus adj A = O so
adj A is singular. This is a contradiction. Hence it follows that adj A is singular.

14. If A is singular, then adj A is also singular by Exercise 13, and det(adj A) = 0 = [det(A)]" L. If A is
nonsingular, then A(adj A) = det(A)I,. Taking the determinant on each side,

det(A) det(adj A) = det(det(A)IL,) = [det(A)]™.
Thus det(adj A) = [det(A)]" L.
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Section 3.5, p. 172

2. l‘1:1,$2:—1,l‘3:0,$4:2.
4. 1‘12171'222,1‘3:—2.

2
6. 1'1:1,1'215,.%3:7

wWin

Supplementary Exercises for Chapter 3, p. 174

2. (a)t=1,4 (b)t=3,4-1. ()t=1,2,3  (d)t=-31, -1

3. If A™ = O for some positive integer n, then

0 =det(O) = det(A™) =det (AA--- A) = det(A) det(A) ---det(A) = (det(A))™.

n times n times
It follows that det(A) = 0.
a 1D a—b 1 b a—b 1 a
4. (&) |b 1 ¢ =|b—c 1 ¢ =|b—c 1 b
1 _lesteier c—a 1l a 14 escs c—a 1 c
1 a a® 1 a a?
(b) |1 b? =10 b—a (b+a)b—a)
2 _ _
1 —ri+rp—r; —ri+rz3—rg 0 c-a (C + )(C ) —aci+ca—ca; —a?ci+cz—cs
1 0 0 1 0 0
=10 b—a (b+a)(b—a) =10 b—a —c(b—a)
0 c—a (c+a)(c—a) (atbic)ertescs 0 c—a —b(c—a)
1 a be 1 a be
=10 b—a —c(b—a) =1 cal.
0 c—a —blc—a) 1 ab

ri+re—ro; ri+rz3—r3

5. If A is an n X n matrix then

det(AAT) = det(A) det(AT) = det(A) det(A) = (det(A))>.

Chapter 3

aci+ca—cz; beei+cz—cy

(Here we used Theorems 3.9 and 3.1.) Since the square of any real number is > 0 we have det(AAT) > 0.

6. The determinant is not a linear transformation from R, to R! for n > 1 since for an arbitrary scalar

¢, det(cA) = " det(A) # cdet(A).

7. Since A is nonsingular, Corollary 3.4 implies that

1
Al = dj A).
der(a) 4 A)
Multiplying both sides on the left by A gives
1
AA Y =1, = A (adj A).
dera) A adi )
Hence we have that 1
djA)t=——4
(adj A" = Gy

From Corollary 3.4 it follows that for any nonsingular matrix B, adj B = det(B) B~1. Let B = A~}

and we have )
: A—l _ A—l —1\—1 — _ : —1.
adj ( ) = det( )(A™H) —det(A) A= (adj A)
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8.

10.

11.

If rows ¢ and j are proportional with ta;, = ajx, ¥ = 1,2,...,n, then

det(A) = det(A) —¢r;4r;—r;, =0

since this row operation makes row j all zeros.

. Matrix @ is n x n with each entry equal to 1. Then, adding row j to row 1 for j = 2, 3, ..., n, we have
1—-n 1 | 1 o 0 0 --
1 1-n 1 -+ 1 1 1-n 1 --- 1
det(Q —nl,)=| . . = . |=0
1 1 1 1—n 1 1 1 1—n

by Theorem 3.4.

If A has integer entries then the cofactors of A are integers and adj A has only integer entries. If A is
nonsingular and
1

-1 _
A= det(A)

adj A

1
has integer entries it must follow that ———— times each entry of adj A is an integer. Since adj A

det(A)

has integer entries must be an integer, so det(A) = +1. Conversely, if det(A) = +1, then A is

1
det(A)

nonsingular and A~! = 4+1adj A implies that A~! has integer entries.

If A and b have integer entries and det(A) = +1, then using Cramer’s rule to solve Ax = b, we find
that the numerator in the fraction giving x; is an integer and the denominator is 1, so x; is an integer
fori=1,2,...,n.

Chapter Review for Chapter 3, p. 174

True or False

1.

Quiz
1.

- W

False. 2. True. 3. False. 4. True. 5. True. 6. False.

7. False. 8. True. 9. True. 10. False. 11. True. 12. False.
—54.

False.

—1.

-2

Let the diagonal entries of A be di1,...,dn,. Then det(A) = di; - dpy,. Since A is singular if and

only if det(A) = 0, A is singular if and only if some diagonal entry d;; is zero.

19.
1 5
-3 32 !
A7l =| 1 -3 -1
-1 4 1
det(A) = 14. Therefore z; = &, 2y = -2, 23 = —2.
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Real Vector Spaces

Section 4.1, p. 187
2. (=5,7)
y
(=5,7) 71
5+
3+
G|
53 -1 | 1 3 5
4. (1,-6,3).
6. a=-2,b=-2,¢c=-5.
07
-2
8. (a) [ ] (b) {-3].
4 6]
.
10. (a) [“;]. ) | 3.
~3]
(37 [0
12. (a) u+v=|2|,2u—v= 4],3u—2v:[
1 4] L5
3 [ 3
(b) u+v=|1]|,2u-v= —4],3u—2v—{
1] | 11

4
-7
18

o

3
6
9

] |
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14.

16.

18.

20.

22.

23.

Chapter 4

3 5 3
(¢) u+v=|1|,2u-v=|-1|,3u-2v=| -2|,0-3v=| -3
—6 —11 —12
(a) r=2. (b) s=3%. (¢c) r=3,s=—-2.
Cc1 = ]., Cy = —2.
Impossible.
cp=7r,cg=285,c3==t.
(U5} —u1
Ifu= |us |, then (-l)u= | —us | = —u.
us —us

Parts 2-8 of Theorem 4.1 require that we show equality of certain vectors. Since the vectors are column
matrices, this is equivalent to showing that corresponding entries of the matrices involved are equal.
Hence instead of displaying the matrices we need only work with the matrix entries. Suppose u, v, w
are in R? with ¢ and d real scalars. It follows that all the components of matrices involved will be real
numbers, hence when appropriate we will use properties of real numbers.

(<U+V) +W)i = (ul -‘r’l)i) + w;

Since real numbers u; + (v; +w;) and (u; + v;) + w; are equal for ¢ = 1, 2, 3 we have u+ (v +w) =
(u+v)+w.

B)  (u+0);=

Since real numbers u; + 0, 0 4+ u;, and u; are equal for i =1, 2, 3 we haveu+0=0+u = u.

(4) (u+ (—u)); = ui + (—us)
(0); =0

Since real numbers u; + (—u;) and 0 are equal for i =1, 2, 3 we have u + (—u) = 0.

(5)  (c(a+v))i = c(u; +v;)
(cu+ cv); = cu; + cv;

Since real numbers c(u; + v;) and cu; + cv; are equal for ¢ = 1, 2, 3 we have c(u+ v) = cu + cv.

6)  ((c+du); = (c+du;
(cu+ du); = cu; + du;

Since real numbers (¢ + d)u; and cu; + du; are equal for ¢ = 1, 2, 3 we have (¢ + d)u = cu + du.

(7)) (c(du)); = c(du;)
((cd)u); = (cd)uy

Since real numbers ¢(du;) and (cd)u; are equal for i = 1, 2, 3 we have ¢(du) = (ed)u.

()i = u;

Since real numbers 1u; and wu; are equal for ¢ = 1, 2, 3 we have lu = u.

The proof for vectors in R? is obtained by letting i be only 1 and 2.
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Section 4.2, p. 196

1.

8.

10
12
13
14
15

16.

(a) The polynomials t? +t and —t? — 1 are in P, but their sum (2 +t) + (—t?> — 1) =t — 1 is not in
P,.

(b) No, since 0(¢? + 1) = 0 is not in P;.

(a) No.

(b) Yes.

() 0= {8 8]
a b

(d) Yes. If A = L d] € V, then abed = 0. Let —A = [

—A € V since (—a)(=b)(—c)(—d) = 0.

(e) No. V is not closed under scalar multiplication.

—a —b
—c —d

00

Then A —A =
] en A [oo

} and

2 1
No, since V is not closed under scalar multiplication. For example, v = [4} €V, but %@V = {2} gV,
U1 V1 w1
Ui V2 w2
Letu=|  [,v=] . |, w=
Unp Un Wn,
(1) For each i = 1,...,n, the ith component of u + v is u; + v;, which equals the ith component

v; +u; of v+ u.

Wi+ (v +w;) = (ug +v;) + w.
, U +0=04u; = u,.

U+ (—ug) = (—u;) +u; = 0.

(2) Foreachi=1,...,n
3) n
(4) n
(5) Foreachi=1,...,n, c(u; +v;) = cu; + cv;.
(6) n
(7) n
(8) n

Foreachi=1,...,

Foreachi=1,...,

, (¢ + d)u; = cu; + du;.
, c(du;) = (ed)u;.

,1-ui=ui.

Foreachi=1,...,
Foreachi=1,...,

Foreachi=1,...,
P is a vector space.

(a) Let p(t) and ¢(t) be polynomials not both zero. Suppose the larger of their degrees is n. Then
p(t) + q(t) and ¢p(t) are computed as in Example 5. The properties of Definition 4.4 are verified
as in Example 5.

Property 6.

. Properties 4 and (b).

. The vector 0 is the real number 1, and if u is a vector (that is, a positive real number) then u=! is %
. The vector 0 in V is the constant zero function.

. Verify the properties in Definition 4.4.

. Verify the properties in Definition 4.4.

No.



48 Chapter 4

17. No. The zero element for & would have to be the real number 1, but then u = 0 has no “negative”
v such that u®v = 0-v = 1. Thus (4) fails to hold. (5) fails since ¢ ® (u ®v) = ¢ + (uv) #
(c+u)(c+Vv)=cOudcov. Etc.

18. No. For example, (1) fails since 2u — v # 2v — u.
19. Let 0; and 05 be zero vectors. Then 07 @ 09 = 0; and 0; ® 03 = 05. So 0; = 05.
20. Let u; and uy be negatives of u. Then u®u; =0 and uduy =0. Soud u; = ud ug. Then
u®udu)=u ®UPuy)
(uy ®u)®u; = (u; Gu) duy
0Pu =040 us

u; = Usg.

2. (b)) c0=co(0®0)=c00®c®0s0c®0=0.

(c) Let cou=0. If ¢ # 0, then 1 ®(cOu) =1 ©0=0. Now 1 ©(cOou) = [(1) (¢)]]ou=10u=nu,
sou=0.

22. Verity as for Exercise 9. Also, each continuous function is a real valued function.
23. v (—v)=0,s0 —(—v) = .

24. fu®v =u®w, add —u to both sides.

25. fa®u=>b@®u, then (¢ —b) ®u = 0. Now use (c) of Theorem 4.2.

Section 4.3, p. 205

2. Yes.

4. No.

6. (a) and (c)

8. (a).

10. (c).

12. (a) Let
aq 0 bl az 0 b2

A= 0 ¢ O and B=| 0 ca 0

d1 0 €1 d2 0 €2

be any vectors in W. Then

a1 + as 0 b1 + bo
A+ B= 0 c1+co 0
dy + ds 0 e+ e

is in W. Moreover, if k is a scalar, then

ka1 0 kbl
kA= 0 kCl 0
kdy 0 key

is in W. Hence, W is a subspace of M33.
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14.

16.
18.
20.
21.
22.
23.
24.
25.

49

Alternate solution: Observe that every vector in W can be written as

a 0 b 100 001 000 000 000
0 ¢c0l=a|0O0O0[+b[00O0|+c|01O0|+d|0OO0O0|+e|0O0O0f,
d 0 e 000 000 000 100 001
so W consists of all linear combinations of five fixed vectors in Mss. Hence, W is a subspace of
Mss.
We have

w0 b= [e5a]

so Aisin W if and only if a + b =0 and ¢+ d = 0. Thus, W consists of all matrices of the form
a —a
c —c|’

A1: |:a1 _a1:| and AQZ |:a2 _a2:|
c1 —C C2  —C2

Now if

are in W, then

A+ Ay = [01 _a1:| n [az —as | _ [a1+a2 —(a1+a2)}

. —C Ccy —C2 | caa+te —(c1+c2)

is in W. Moreover, if k is a scalar, then

kAlzk{al _al] [ Fay —(k‘al)}

ci —C1 - _kCl —(k‘Cl)

is in W. Alternatively, we can observe that every vector in W can be written as

[a —a} a{l —1}+C{O O}

¢ —c 0 0 1 -1’

so W consists of all linear combinations of two fixed vectors in M. Hence, W is a subspace of Mss.
(a) and (b).

(b) and (c).

(a), (b), (c), and (d).

Use Theorem 4.3.

Use Theorem 4.3.

Let x; and x5 be solutions to Ax = b. Then A(x; + x2) = Ax; + Axo =b+b #b if b #£0.

{o0}.

Since
1 21 t 0
10 1| |=t|=]0],
2 6 4 t 0

t
it follows that | —t | is in the null space of A.
t
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26.
27.

28.

29.

30.

31.

32.

34.

Chapter 4

We have cxg + dxo = (¢ + d)xg is in W, and if r is a scalar then r(cxg) = (rc¢)xg is in W.

No, it is not a subspace. Let x be in W so Ax # 0. Letting y = —x, we have y is also in W and
Ay # 0. However, A(x+y) =0, so x +y does not belong to W.

Let V be a subspace of R! which is not the zero subspace and let v # 0 be any vector in V. If u is
any nonzero vector in R', then u = [%] v, so R! is a subset of V. Hence, V = R!.

Certainly {0} and R? are subspaces of R?. If u is any nonzero vector then span {u} is a subspace of
R2. To show this, observe that span {u} consists of all vectors in R? that are scalar multiples of u. Let
v = cu and w = du be in span {u} where ¢ and d are any real numbers. Then v4+w = cu+du = (¢+d)u
is in span {u} and if k is any real number, then kv = k(cu) = (kc)u is in span {u}. Then by Theorem
4.3, span {u} is a subspace of R2.

To show that these are the only subspaces of R? we proceed as follows. Let W be any subspace of R2.
Since W is a vector space in its own right, it contains the zero vector 0. If W # {0}, then W contains a
nonzero vector u. But then by property (b) of Definition 4.4, W must contain every scalar multiple of
u. If every vector in W is a scalar multiple of u then W is span {u}. Otherwise, W contains span {u}
and another vector which is not a multiple of u. Call this other vector v. It follows that W contains
span {u,v}. But in fact span {u,v} = R%. To show this, let y be any vector in R? and let

R
Ug (] Y2

We must show there are scalars ¢; and ¢y such that cyu + cov = y. This equation leads to the linear

uy U1 C1 yl
U2 V2 C2 y2

Consider the transpose of the coefficient matrix:

T
Uy U1 o Uy U
[uz U2] B Lfl UJ '
This matrix is row equivalent to I since its rows are not multiples of each other. Therefore the matrix
is nonsingular. It follows that the coefficient matrix is nonsingular and hence the linear system has a

solution. Therefore span {u, v} = R?, as required, and hence the only subspaces of R? are {0}, R?, or
scalar multiples of a single nonzero vector.

(b) Use Exercise 25. The depicted set represents all scalar multiples of a nonzero vector, hence is a
subspace.

We have

a b ¢ a b a+b 1 0 1 0 1 1
[ ]_L‘ }—a[l }—l—b[o 0 O}—awl—l-ng.

Every vector in W is of the form [Z

a b 10 01 00
{ ]:a[ ]+b{ ]+c[ }:avl—l—ng—&-cv&

b
] , which can be written as
c

b c 00 10 01

v—10 v—01 andv—OO
Yool P l1 0]’ 57 0o 1]”

where

(a) and (c).
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35. (a) The line Iy consists of all vectors of the form

T U
yl =t |v
Z w

Use Theorem 4.3.
(b) The line [ through the point Py(xo,yo, z0) consists of all vectors of the form

T o U
y| = |y | +t|v
z 20 w

If Py is not the origin, the conditions of Theorem 4.3 are not satisfied.

36. (d)

38. (a) z =3+4t, y=4—-"5t, z=—-2+21. (b)x=3—-2t,y=2+5t, z=4+1.

ol

42. Use matrix multiplication cA where c is a row vector containing the coefficients and matrix A has rows

that are the vectors from R,,.

Section 4.4, p. 215
2. (a) 1 does not belong to span S.

0
(b) Span S consists of all vectors of the form [((l)] , where a is any real number. Thus, the vector [1]

is not in span S.

¢) Span S consists of all vectors of Mss of the form a b , where a and b are any real numbers.
b a

Thus, the vector [; ﬂ is not in span S.
4. (a) Yes. (b) Yes. (c) No. (d) No.

6. (d).
8. (a) and (c).

10. Yes.
0 1
-2 0
12.
11710
0 1

13. Every vector A in W is of the form A = {a
c

e R r R i R

so A is in span S. Thus, every vector in W is in span S. Hence, span S = W.

} , where a, b, and ¢ are any real numbers. We have



52

16.

Chapter 4

1 0 0 010 001 0 00 0 0 O 0 00
Sz{O00,000,000,100,010,0017
0 0 -1 00O 000 0 00 0 0 -1 000
000 0 00
000,000
100 010

From Exercise 43 in Section 1.3, we have Tr(AB) = Tr(BA), and Tr(AB—BA) = Tr(AB)—Tr(BA) = 0.
Hence, span T is a subset of the set S of all n x n matrices with trace = 0. However, S is a proper
subset of M,,,.

Section 4.5, p. 226

1.

10.
12.

14.
16.
18.

19.

20.

We form Equation (1):

2 3 10 0
ci |1 +co|—1| +c3 0ol =10],
3 2 10 0

which has nontrivial solutions. Hence, S is linearly dependent.

We form Equation (1):

1 0 2 0
c1 |2 +c2|1| +c3|0] =1]0{,
1 1 1 0

which has only the trivial solution. Hence, S is linearly independent.
No.

Linearly dependent.

Linearly independent.

Yes.

(b) and (c) are linearly independent, (a) is linearly dependent.
4 6 11 10 0 3
el R T P

Only (d) is linearly dependent: cos2t = cos®t — sin®t.
c=1.
Suppose that {u, v} is linearly dependent. Then c;u + cav = 0, where ¢; and ¢y are not both zero.

Say co #0. Then v = — 2—; u. Conversely, if v = ku, then ku — 1v = 0. Since the coefficient of v is

nonzero, {u, v} is linearly dependent.

Let S = {vy,va,...,Vvi} be linearly dependent. Then a;vy + agvy + -+ + ax vy = 0, where at least
one of the coeflicients a1, as, ..., ay is not zero. Say that a; # 0. Then
o ai a2 aj—1 aj1 (475
vj——fvl—va—~-~— ) ijl_ . Vj+1—~-~—ka.
aj; aj; aj; a; aj;

Suppose a1 Wi + asWa + agws = a1(vy + va + v3) + a2(va + v3) + azvy = 0. Since {vy,va,vs3} is
linearly independent, a; = 0, a; + a2 = 0 (and hence as = 0), and a3 +az + a3 = 0 (and hence a3z = 0).
Thus {w1, wo, w3} is linearly independent.
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21. Form the linear combination
C1W1 + CoWg + C3W3 = 0

which gives
Cl(Vl + V2) + CQ(Vl + V3) + 03(V2 + V3) = (01 + Cg)Vl + (Cl + C3)V2 + (CQ + 03)V3 =0.

Since S is linearly independent we have

C1 + Co = 0

C1 +c3 = 0

cog+c3=0
1 10(0

a linear system whose augmented matrix is [ 1 0 1|0 |. The reduced row echelon form is

01 1|0
1000
010(0
0010

thus ¢; = ¢o = ¢3 = 0 which implies that {wi, wo, w3} is linearly independent.

22. Form the linear combination
C1W1 + CoWg + C3W3 = 0

which gives
vy +ca(vy +v3) +e3(vy +va+vs) = (e1 + ¢a + ¢3)vy + (ca + ¢3)va + ¢c3vy = 0.

Since S is linearly dependent, this last equation is satisfied with ¢; + ¢o + ¢3, ¢3, and ¢o + ¢3 not all
being zero. This implies that ¢1, ¢z, and c3 are not all zero. Hence, {w1, wa, w3} is linearly dependent.

23. Suppose {v1, V2, Vvs} is linearly dependent. Then one of the v,’s is a linear combination of the preceding
vectors in the list. It must be vs since {vi,vs} is linearly independent. Thus v3 belongs to span
{v1,v2}. Contradiction.

24. Form the linear combination
1AV + coAvy + -+ cpAvy, = Aleyvi +cava + -+ e vy) = 0.
Since A is nonsingular, Theorem 2.9 implies that
c1vy+coveg+ -+ ¢, vy, = 0.

Since {v1,Va,...,v,} is linearly independent, we have ¢; = ¢o = -+ = ¢, = 0. Hence, {Avy, Avs,.. .,
Av,} is linearly independent.

25. Let A have k nonzero rows, which we denote by vi,vs, ..., vy where
vi=lan aiz 1 o apm].

Let ¢; < ¢cg < --+ < ¢ be the columns in which the leading entries of the k£ nonzero rows occur. Thus
v; = [0 00 -+ 1 @jeyy - am} that is, a;; = 0 for j < ¢; and ¢;e;, = 1. If a1 vy +agva + -+ +
AV = [O 0o --- 0], examining the cith entry on the left yields a; = 0, examining the coth entry
yields as = 0, and so forth. Therefore vi,vs,..., vy are linearly independent.



o4

26.

27.
28.
29.
31.

Chapter 4

k m m k
Let V; = E Qi5U;. Then w = E ijj = E bj E a0 = E E alj u;.
i=1 j=1 j=1 i=1

=1 | j=1
In R let S; = {1} and Sy = {1,0}. S; is linearly independent and Sy is linearly dependent.
See Exercise 27 above.
In MATLAB the command null(A) produces an orthonormal basis for the null space of A.

Each set of two vectors is linearly independent since they are not scalar multiples of one another. In
MATLAB the reduced row echelon form command implies sets (a) and (b) are linearly independent
while (c) is linearly dependent.

Section 4.6, p. 242

2.
4.

10.
12.

14.

16.

18.

20.

22.
24.
26.

28.

(c).
(d).

11 00 10 01 00 c1+c3 c1+ ¢y 0 0
It - h = . Th
“ {0 0]+C2 {1 J“LC:” [0 JH“ L 1] {0 0]’t o L2+c4 02+c3+c4} {o 0} ¢

first three entries imply ¢ = —c; = ¢4 = —co. The fourth entry gives co — co — ¢ = —co = 0. Thus
c; =0 fori=1, 2, 3, 4. Hence the set of four matrices is linearly independent. By Theorem 4.12, it is
a basis.

2 2 3
(b) is a basis for R¥and |1| =1|1|+2|2| -1 4
3 2 0 -1

(a) forms a basis: 5t2 — 3t + 8 = —3(t% +t) + 0t2 + 8(t? + 1).
A possible answer is {[1 1 0 —1],[0 1 2 1],[0 0 3 1]}; dimW =3.

(i

}01
0
0
0

10

)

0 10 0017 [0 0O 00O 000
0 0 0y,/0 O Of,{0 1T O0],|0 O 1|,({0 O O
0 00 100 (00O 010 001

A possible answer is {cos?¢,sin® ¢} is a basis for W; dim W = 2.

0 0 é (1) 1 -5
@ o b w0 @] o

0 1 0 ) 0 1
{3 + 52 +t,3t> — 2t + 1}.
(a) 3. (b) 2.
(a) 2. (b) 3. (c) 3. (d) 3.

1 1 1 0 1

(a) A possible answer is < |0], [0|, [1] p. (b) A possible answer is ¢ |0, [1],
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30.

32.
34.

35.

36.

37.
38.

39.

40.

41.

42.

43.

1004 |01 0] {001 |0O0O0 {000 |00O0]].
000’000’7000 [100/010001]f
2.

The set of all polynomials of the form at® + bt? + (b — a), where a and b are any real numbers.

n

We show that {cvy,ve,..., v} is also a set of k = dim V' vectors which spans V. If v = Zaivi is a
i=1

vector in V, then

a n
vV = [?l] (CVl) + ;aivi.

Let d = max{dy,ds,...,d}. The polynomial ¢! 4+ ¢4 4 ... 4 ¢ 4+ 1 cannot be written as a linear
combination of polynomials of degrees < d.

If dimV = n, then V has a basis consisting of n vectors. Theorem 4.10 then implies the result.

Let S = {vi1,va,..., vk} be a minimal spanning set for V. From Theorem 4.9, S contains a basis T
for V. Since T spans S and S is a spanning set for V, T = S. It follows from Corollary 4.1 that k = n.

Let T = {v1,va,..., v}, m > n be a set of vectors in V. Since m > n, Theorem 4.10 implies that T
is linearly dependent.

Let dim V = n and let S be a set of vectors in V' containing m elements, m < n. Assume that S spans
V. By Theorem 4.9, S contains a basis T for V. Then T must contain n elements. This contradiction
implies that S cannot span V.

Let dim V' = n. First observe that any set of vectors in W that is linearly independent in W is linearly
independent in V. If W = {0}, then dim W = 0 and we are done. Suppose now that W is a nonzero
subspace of V. Then W contains a nonzero vector vy, so {vi} is linearly independent in W (and in
V). If span {vi} = W, then dimW = 1 and we are done. If span {vi} # W, then there exists a
vector vo in W which is not in span {vi}. Then {vi, vy} is linearly independent in W (and in V).
Since dim V' = n, no linearly independent set of vectors in V' can have more than n vectors. Hence, no
linearly independent set of vectors in W can have more than n vectors. Continuing the above process
we find a basis for W containing at most n vectors. Hence dimW < dim V.

Let dimV =dimW =n. Let S = {vy,va,...,v,} be a basis for W. Then S is also a basis for V, by
Theorem 4.13. Hence, V = W.

Let V = R3. The trivial subspaces of any vector space are {0} and V. Hence {0} and R?® are subspaces
of R3. In Exercise 35 in Section 4.3 we showed that any line ¢ through the origin is a subspace of R3.
Thus we need only show that any plane 7 passing through the origin is a subspace of R3. Any plane
7 in R? through the origin has an equation of the form ax + by + cz = 0. Sums and scalar multiples of
any point on 7 will also satisfy this equation, hence r is a subspace of R®. To show that {0}, V, lines,
and planes through the origin are the only subspaces of R® we argue in a manner similar to that given
in Exercise 29 in Section 4.3 which considered a similar problem in R?. Let W be any subspace of R3.

Hence W contains the zero vector 0. If W # {0} then it contains a nonzero vector v = [a b C]T
where at least one of a, b, or ¢ is not zero. Since W is a subspace it contains span {v}. If W =
span {v} then W is a line in R3 through the origin. Otherwise, there exists a vector u in W which
is not in span {v}. Hence {v,u} is a linearly independent set. But then W contains span {v,u}. If
W = span {v,u} then W is a plane through the origin. Otherwise there is a vector x in W that is
not in span {v,u}. Hence {v,u,x} is a linearly independent set in W and W contains span {v,u,x}.
But {v,u,x} is a maximal linearly independent set in R3, hence a basis for R3. It follows in this case
that W = R3.
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44.

45.

46.

47.

48.

Chapter 4

Let S = {v1,va,...,v,}. Since every vector in V can be writ